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ABSTRACT 
Barker proved that the lattice of faces, 31'(K), of a finite dimensional proper cone 
K is always complemented. The proof, however, contained a gap. In this paper we 
offer a correct proof of the result. At the same time new characterizations of lattices of 
finite length which are section complemented or relatively complemented are found. 
It is also proved that the lattice of exposed faces of a proper cone K is complemented. 
Finally, we show that the class of proper cones with a relatively complemented face 
lattice is strictly contained in the class of proper cones with a dual atomistic face 
lattice. For a few natural related questions counterexamples are given. It turns out that 
one of our examples also answers in the negative an open problem posed recently by 
the second author. 
1. INTRODUCTION 
Throughout the paper we denote by K a proper (i.e. closed, pointed, full, 
convex) cone in a finite dimensional real vector space, and by ff(K) the set of 
all faces of K. Then Wlder the partial ordering inclusion, ff(K) becomes a 
complete lattice of finite length with meet and join given by F /\ G = F n G 
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and F V G = qJ(F U G), where qJ(F U G) is the face of K generated by 
F U G. Properties of the face lattice, $'(K), of K were first studied by Barker 
[2]. Among other results, he showed that $'(K) is always a complemented 
lattice [2, Theorem 5.1]. The proof given, however, appears to contain a gap. 
In Section 2 an example will be given to illustrate the gap. We have found a 
simple proof of the abovementioned result of Barker. In fact, in Section 3 we 
obtain a characterization of section complemented lattices of finite length, 
from which Barker's result follows. We also provide several characterizations 
of lattices of finite length which are relatively complemented. In Section 4 we 
give an affirmative answer to the following related question: Is the lattice of 
exposed faces of K complemented? In Section 5 we show that the class of 
proper cones K with a relatively complemented face lattice is strictly 
contained in the class of proper cones K each of whose proper faces is an 
intersection of maximal faces of K. For a few natural related questions we 
give counterexamples. Incidentally, one of our examples also answers in the 
negative the open Problem 4 posed by the second author in [12]. The 
construction of our examples depends on the use of the concept of the point's 
cone of a cone, which has been studied recently in [11,12]. Since the face 
lattices $'(K) are always section complemented and of finite length, our 
method also suggests a way to construct rich examples of section comple-
mented lattices of finite length. 
Elementary knowledge of cones is assumed. Familiarity with the results of 
[12], though not essential, is helpful. The readers will find a good account of 
cone theory with extensive references in Barker [4]. For results and terms on 
lattice theory the readers may consult Birkhoff [6], Blyth and Janowitz [7], or 
Crawley and Dilworth [8]. This paper was formerly the authors' joint paper 
"On cones with a relatively complemented face lattice" cited in [12] as Ref. 9. 
As additional material has been obtained, the title is changed accordingly. 
2. AN EXAMPLE 
Let C be a compact convex set in R3, which is the union of the half 
cylinder {( ~l' ~2' ~3) E R3: ~; + ~~ ~ 1, ~2 ~ 0, and 0 ~ ~3 ~ I} and the cube 
with vertices at (1,0,0), (1,1,0), (-1,1,0), (-1,0,0), (1,0,1), (1,1,1), 
( - 1,1,1), and (-1,0,1). Let K be the cone in R4 given by 
With reference to case 2 of Barker's proof of Theorem 5.1 in [2], suppose 
that the face F under consideration is qJ(x I ) V qJ(X2)' where Xl = (-1,1,0,1) 
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and X 2 = ( - 1,1,1,1). (The reader is advised to draw a diagram of C.) Then 
F is a 2-dimensional face, and the subcone F I of F mentioned in Barker's 
proof is F itself. If S is the union of the relative interiors of all faces whose 
intersection with F contains more than just the zero vector, then the 
complement of S in K will contain at least 4 - 2 = 2 linearly independent 
vectors YI' Y2· Indeed, the vectors YI and Y2 may be chosen to be (1,1,1,1) 
and ( - 1,0,1,1) respectively. It is obvious that the cone KI generated by Xl' 
x 2' YI' and Y2 is simplicial. The complement G of FI in KI is the 
2-dimensional face of KI generated by YI and Y2. The vectors X E Fl" and 
Y E G I!. may be chosen to be ( - 1,1, t, 1) and (0, t, 1, 1) respectively. Denote 
by z the point where the line segment from X through Y intersects 8K. Then 
in this case z = y. Furthermore, x2 E cp(z)n F. [Caution: cp(z) is the face of 
K (not of K I ) generated by z.] Hence cp(z) A F =1= {o} and z E S. The last 
three sentences in Barker's proof clearly contain errors. 
3. CHARACTERIZATIONS OF SECTION COMPLEMENTED OR 
RELATIVELY COMPLEMENTED LATIICES 
OF FINITE LENGTH 
We shall give a simple proof of Barker's result that ff(K) is always 
complemented (in fact section complemented). To achieve a better under-
standing, we first prove a characterization of section complemented lattices of 
finite length. But for the convenience of the reader, we give below the 
definitions of some terms in lattice theory with which he may not be familiar. 
Let L be a lattice of finite length. L is said to be section complemented if 
every interval sublattice [0, a] = {x E L : 0 ::;;; X ::;;; a} of L is complemented. L 
is sernicomplemented if for every X E L, x =1= 1, there exists 0 =1= Y E L such 
that x A Y = O. L is dual semicomplemented if its dual lattice is semicomple-
mented. L is section dual semicomplemented if for every a, x E L,O < x::;;; a, 
there exists Y E L, Y < a such that x V Y = a. L is atomic if every nonzero 
element contains an atom, and atomistic if every nonzero element is the join 
of a family of atoms. Thus, for a proper cone K, the statement "ff(K) is dual 
atomistic" is the same as "each proper face of K is an intersection of maximal 
faces." 
THEOREM 3.1. Let L be a lattice of finite length. Then the following 
conditions are equivalent: 
(i) L is section complemented. 
(ii) L is section dual semicomplemented. 
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Proof. (i) => (ii) is trivial. 
(ii) => (i): Let x be a fixed nonzero element of L with x < b. Denote by 
H(x, b) the set of those elements y for which x V y = b and y < b. By (ii), 
H(x, b) is nonempty. As L is of finite length, we can choose a minimal 
element of H(x, b), say m. We contend that m is a complement of x in 
[0, b]. Assume that the contrary holds. Then x /I. m =1= 0; denote it by w. 
Evidently w < m. Applying (ii) to the interval [0, m], we can find tEL such 
that w V t = m and t < m. But then x V t = x V w V t = x V m = b, so 
t E H(x, b), contrary to the choice of m. • 
COROLLARY 3.2. The face lattice ff(K) of K is always section comple-
mented. 
Proof. Since every face of a cone is itself a cone, it suffices to show that 
if F is a proper nonzero face of K, then there exists a proper face G of K 
such that F V G = K. This may be proved in the following way. Choose a 
vector x E FIl and a vector y E KIl. Then for some a> 0, z = y - ax E aK 
(see Barker [4, Lemma 2.A.17]). Let G = cp(z). Then G =1= K and F V G = 
cp( x) V cp( z) = cp( ax + z) = cp( y) = K, as required. (We have already used the 
fact that x E FIl iff cp(x) = F and 9 modified form of [2, Proposition 3.3].) • 
We are indebted to a referee for pointing out that the proof of Theorem 
3.1 also covers the case of a complete lower continuous lattice if Zorn's lemma 
is used. With that we can prove the following extension of Barker's result to 
algebraically closed pointed cones of arbitrary dimension. (For references, see 
Barker and Schneider [5] and Loewy and Schneider [9].) 
COROLLARY 3.3. Let C be an algebraically closed, pointed cone in a real 
vector space. If ff(C) satisfies the ascending chain condition and the 
descending chain condition, then ff(C) is section complemented. 
Proof. First, note that ff(C) is a complete lattice, as the intersection of 
a collection of faces of C is again a face of C (see Crawley and Dilworth [8, 
p. 9]). Also, the descending chain condition on ff(C) implies that ff(C) is 
lower continuous. So by the extension of Theorem 3.1 it suffices to show that 
for each face F of C, the interval sublattice [0, F] = ff(F) is dual semicom-
plemented. Now by Theorem 2.22 of [5], the ascending chain condition on 
ff(C) implies that each face of C can be generated by a single vector. So the 
argument in the above proof of Corollary 3.2 also carries over. • 
Next we are going to give characterizations of relatively complemented 
lattices of finite length. But we shall need 
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LEMMA 3.4. An atomic lattice L is atomistic if and only if it is section 
semicomplemented. 
The result has appeared on p. 71 of Blyth and Janowitz [7] as Exercise 
7.7(b). But for completeness we include a proof here. 
Proof. "Only if" part: Let a, bEL with 0< a < b. By assumption each 
element of L is equal to the join of all atoms less than it. So there must exist 
an atom m of L such that m ~ b but m 4;,. a. But then m is a nonzero 
semicomplement of a in [0, b]. 
"If" part: Let b be a nonzero element of L. Denote by a the join of all 
atoms of L which are less than b. We are required to show that a = b. If the 
contrary holds, then a < b. By assumption there exists a nonzero semicomple-
ment of a in [0, b], say c. As L is atomic, m ~ c for some atom m of L. 
Clearly m ~ b, and by the definition of a, we also have m ~ a. Thus 
m ~ a !I. c, in contradiction with a !I. c = 0. • 
THEOREM 3.5. Let L be a lattice of finite length. Then the following 
conditions are equivalent: 
(i) L is relatively complemented. 
(ii) L is section dual atomistic. 
(iii) L is semicomplemented in every interval [a, b ]. 
(iv) L is dual semicomplemented in every interval [a, b ]. 
Proof (i) = (iv) is trivial. 
(iv) = (i): Let a, bEL with a < b. By (iv), for any c E [a, 1], [a, c] is dual 
semicomplemented. Thus by Theorem 3.1 [a, 1] is section complemented, and 
hence [a, b] is complemented. 
(iii) <=> (iv): Duality. 
(ii) = (iv): Let a, bEL with a < b. By (ii), [0, b] is dual atomistic. Hence 
by the dual statement of the "only if" part of Lemma 3.4, [0, b] is dual 
section semicomplemented. It follows that [a, b] is dual semicomplemented. 
Similarly, using the dual statement of the "if" part of Lemma 3.4, we can 
also establish (iv) = (ii). • 
Again we wish to point out that suggestions from the abovementioned 
referee have simplified the proof of Theorem 3.5. 
As ~(K) is a lattice of finite length and the dual atoms of ~(K) are 
exactly the maximal (proper) faces of K, we can easily prove the following 
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known result: 
COROLLARY 3.6 [10, Theorem 2.13.9]. If K is a polyhedral cone, then 
~ ( K) is relatively complemented. 
Proof. As is well known, each proper face of a polyhedral cone is 
expressed as an intersection of maximal faces. Also, every face of a polyhedral 
cone is itself a polyhedral cone. So ~(K) is section dual atomistic and hence 
relatively complemented by Theorem 3.5. • 
4. THE LATTICE OF EXPOSED FACES OF K IS COMPLEMENTED 
Since the intersection of a collection of exposed faces of K is also an 
exposed face of K (Barker [3, Proposition 3.4]), the set of all exposed faces of 
K forms a lattice under the partial ordering inclusion. (Here we consider K 
itself as an exposed face.) However, in general it does not form a sublattice of 
~(K) (see [3, Example 3.5]). Nevertheless, this lattice is always comple-
mented. In fact, we can prove a slightly stronger result: 
Given an exposed face F of K, there exists an exposed face G of K such 
that F 1\ G = {O} and F V G = K. 
For our proof we need the following analogue of Asplund's result for cones, 
which can be proved using the standard techniques (see Asplund [1]): 
If x E K generates a k-dimensional face of K, then there exists a sequence 
(x n ) of points in K, converging to x, such that for each n, Xn belongs to an 
exposed face of K of dimension at rrwst k. 
We can clearly approximate each Xn arbitrarily closely by a point from the 
relative interior of the corresponding exposed face. So we can state 
LEMMA 4.1. If x E K is such that dim «p(x) = k, then there exists a 
sequence of vectors (x n) in K converging to x, such that each «p( x n) is an 
exposed face of K of dimension at rrwst k. 
THEOREM 4.2. The lattice of exposed faces of K is complemented. 
Proof. Let F = «p(x) be an exposed face of K. Since ~(K) is comple-
mented, there exists a face H = «p(y) such that F V H = K and F 1\ H = {O}. 
By Lemma 4.1 there exists a sequence (Yn) in K such that Yn ~ y, and each 
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<P(Yn) is an exposed face of K of dimension ~ dim <p(y). We can in fact 
choose the sequence (Yn) so that dim<p(Yn) is the same for all n and is the 
least possible. 
Since F V H = K, we have x + Y E int K, and so there exists N such that 
x + Yn E int K for all n ~ N. Without loss of generality, we may assume 
N = 1. If there exists no such that <p( Y no) A F = {O}, then we are done. 
Hence it remains to consider the case when <P(Yn) A F * {O} for all n. For 
each n, choose some zn E <P(Yn) A F, IIZnll = 1. It is clear that zn belongs to 
the relative boundary of <P(Yn). Also there exists Wn in the relative boundary 
of <P(Yn) and an> 0 such that Yn = anzn + wn. Since Yn -+ y, we have that (1Iynl!) is bounded. Note that (an) is a bounded sequence: otherwise, by 
choosing a suitable subsequence, we obtain, a;;/wnk = a;;/(Ynk - ankz n) = 
a;;klYnk - znk -+ - Z for some nonzero Z E K n( - K), contrary to the 
pOintedness assumption on K. Hence (lIwn lD is also bounded, and we may 
assume without loss of generality that both of the sequences (zn) and (wn) 
converge. We claim that the sequence (an) cannot converge to o. Indeed, if 
lim an = 0 we get lim Wn = lim Yn = y. By Lemma 4.1 we can approximate 
each Wn arbitrarily closely by some Yn such that <p(!in) is exposed and 
dim <P(Yn) ~ dim<p( wn) < dim <P(Yn)' where the last strict inequality holds 
because Wn belongs to the relative boundary of <P(Yn). So we can choose (!in) 
converging to Y and with the above properties. Clearly, from this sequence 
we can extract a subsequence (Yn) such that dim <p(!in) is the same for all k. 
But then our choice of (Yn) is violated. Hence we do not have lim an = O. So 
the sequence (an) has a subsequence which converges to some a > O. Again, 
without loss of generality, we may assume that tlte sequence (an) itself tends 
to a. Then we get Y = lim Yn = az + lim Wn' where Z = lim Zn E F, as each 
Zn E F. Further, as Y E H, we also have Z E H. Hence H A F * {O}, which 
again is a contradiction. This completes the proof. • 
5. CONES WITH A DUAL ATOMISTIC FACE LATTICE 
By Theorem 3.5, if ~(K) is relatively complemented then necessarily it is 
dual atomistic. Below we shall give an example to show that, even with the 
additional assumption of ~(K) being dual section complemented, the con-
verse is still not true. But we first prove 
LEMMA 5.1. Let C be a convex set with nonempty interior in Rn. 
Suppose that H is an (n - 1 }-dimensional face of C with the property that 
P[C] = H, where P is the orthogonal projection of Rn onto the hyperplane 
detennined by H. Also denote by S the reflection of Rn about the same 
hyperplane, i.e., i[x + S(x)] = P(x). Then C U S[C] is a convex set. 
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Proof. Replacing C by a suitable translate, we may assume that the 
hyperplan~ determined by H passes through the origin, so that it is of the 
form {x E Rn:(x, z) = O} for some vector z E Rn with Ilzll = 1. Consider any 
two points Xl' X2 in C U S[C]. We are required to show that 2'[xI' X2]' the 
line segment between Xl and x2 , is contained in C U S[C]. Clearly there is no 
problem if Xl and X 2 are both contained in C or S[C], as these sets are 
convex. So we need only consider the remaining case when X I and X 2 lie 
in the opposite open half spaces determined by { X ERn: (X, z) = O}. 
Then (Xl' z) and (X2' z) are of opposite sign, and there exists A, 0 < A < 1, 
such that (AX I +(1- A)X2' z) = O. Now P(x i ) = Xi - (Xi' Z)z, i = 1,2, so 
AP(xl)+(I- A)P(X2 ) = AXI +(1- A)X2. And as P[C] = H = P[S[C]], we 
have AX I +(1- A)X2 E H. Hence, 2'[XI' x2 ] = 2'[XI' AXI +(1- A)X2]U 
2'[AXI +(1- A)X2' x2] ~ C U S[C]. • 
EXAMPLE 5.2. Let M be the convex set in the ~1~2 plane of R3 bounded 
by the ~l-axis and the circular arc {(cos cp,sincp - i,O): 'IT/6 ~ cp ~ 5'IT/6}. Let 
( 1 0 A= 0 cosO 
o sinO 
and let Ml = A[M]. Also denote by P the orthogonal projection of R3 onto 
the ~1~3 plane. We are going to show that if 0> 0 is sufficiently small (such 
that sinO < ~), then P takes MI into the triangle determined by the points 
(0,0,1), (/3/2,0,0), and (-.;3/2,0,0). 
By direct calculation, 
PA sincp-i = 0 . ( 
coscp ) ( coscp ) 
o (sincp-i)sinO 
We contend that there exist nonnegative numbers AI' A2' A3 such that 
El=lA i = 1 and 
o = Al 0 + A2 0 + A3 0 ( COS cp ) ( 0 ) ( .;3 /2) ( -.;3 /2) 
(sincp - i)sinO 1 0 0 
for any 'IT/6 ~ cp ~ 5'IT/6, provided that 0> 0 is sufficiently small. Solving the 
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equations, we obtain 
1 1 
Aiq:»=-+ M cosq:>-Hsinq:>-t)sinO, 
2 v3 
and 
1 1 
Aiq:»= 2"- 13 cosq:>-Hsinq:>-t)sinO. 
Now consider the function A 2( q:» on ['17/6,5'17/6]. By direct calculations, 
A2( q:» = - (1/13 )sinq:> - t cos q:> sin O. Clearly, for q:> E ['17/6, '17/2], A'2( q:» < O. 
If q:> E ('17/2,5'17/6], let ip = '17 - q:>. Then ip E ['17/6, '17/2) and 
1 COSip[ 2 ] A2( q:» = - 13 sinip + tcos ipsinO = - -2- 13 tanip - sinO 
cosip[ 2 '17 ] 
;!( --- --tan--sinO = -cosm[~-sinO] <0 
"" 2 13 6 ..-3 ' 
provided that 0 > 0 satisfies sin 0 < ~ . We have verified that A 2( q:> ) ~ 0 on 
[ '17/6,5'17/6]. But A 2( '17/6) = 1 and A 2(5 '17/6) = 0, so A 2( q:> ) is nonnegative on 
['17/6,5'17/6]. By a similar argument we can show that Aiq:» is nonnegative 
on ['17/6,5'17/6], provided again that 0 < sinO <~. That A1( q:» is nonnegative 
on ['17/6,5'17/6] is obvious. So our assertion is proved. 
Denote by C the convex hull of the set Ml U {(O,O, I)}. Then the triangle 
conv{(O,O, 1),(15 /2,0,0),( -13 /2,0,0)} is a face of C1, and the orthogonal 
projection P takes C1 onto this triangle. Denote by C2 the image of C1 under 
the reflection (~l' ~2' ~3) t-+ (~l' - ~2' ~3)' Then by Lemma 5.1, C = C1 U C2 
is a convex set. 
Now let K be the proper cone in R4 given by {a(x, 1): x E C and a ~ O}. 
It can be verified that .%( C) is dual section complemented and each of its 
proper faces is an intersection of maximal faces of C. As the lattices .%(C) 
and '%(K) are isomorphic, ff(K) also possesses the corresponding proper-
ties. However, ff(C) is not relatively complemented, since Ml is a face of C 
and '%(Ml) is not even dual atomistic. Therefore, ff(K) is also not relatively 
complemented. 
Next we shall give an example of a proper cone K such that each of its 
proper faces is an intersection of maximal faces, but none of the following two 
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properties is satisfied: 
(i) For any F, G ~ K, whenever F ~ G and G *- K, there exists H <I K, 
H *- F such that G /I. H = F. 
(ii) For any F, G ~ K, dK(F /I. G) = dK(F)V dK(G), where d K is the 
duality operator of K. 
As is known, each maximal face of K is exposed [12, Corollary 2.2], and an 
intersection of exposed faces of K is again exposed. So when $(K) is dual 
atomistic, d K must be injective [12, Corollary 2.6]. Thus our example will 
answer in the negative the open Problem 4 posed at the end of [12]: For a 
proper cone K, does the injectivity of dK infer the condition "for any 
F, G;:g K, dK(F /I. G) = dK(F) V dK(G)"? (Open Problem 1 in [12] has also 
been answered in the negative by Sung and Tam [11].) 
EXAMPLE 5.3. Denote by ei , 1 ~ i ~ 3, the point in R3 with 1 as its ith 
component and zero elsewhere. Let C be the convex hull of the points 
e2, e3, Yn, zn' n = 0,1, ... , and the origin 0, where Yn = 2-(n+l)el +2-(2n+l)e2 
and Zn = 2-(n+l)el +2-(2n+l)e3 • (See Figure 1.) 
Clearly e2 , e3 , and ° are extreme points of C. We claim that Yn , Zn' 
n = 0,1, ... , are also extreme points of C. Note that C is contained in the 
nonnegative orthant R!, and that each Yn lies in the face cp(e l ) V cp(e2) = 
cp(e l + e2) of R!. So any line segment which is inside C and contains in its 
relative interior the point Yn must be entirely included in cp(e l + e2). Also 
note that the points Yn all lie on the convex curve ~2 = 2~~, ~3 = 0. It follows 
that each Yn is an extreme point of C. Similarly, each zn is an extreme point 
of C. It is also easily proved that the set {e2 , e3 ,0, Yn , Zn' n = 0,1 ... } is 
closed and bounded. Hence, as the convex hull of a finite dimensional 
compact set, C is also compact. (Our idea of constructing C came from the 
proof of Proposition 2.2 in Sung and Tam [11].) 
Now let K = {a(x,l) E R4: X E C and a ~ O}. Then K is a proper cone 
in R4. By inspection it is not difficult to see that each proper face of C is an 
intersection of maximal faces. Hence the face lattice $(K) also possesses the 
corresponding property. Further, if G is the face of K corresponding to the 
face conv {O, e2 , e3 } of C, then it is clear that there does not exist a face H of 
K, different from cp(O, 0, 0, 1), satisfying H n G = <p(0, 0, 0, 1). 
To show that dK does not satisfy the property "for any F, G;:g K, 
dK(F /I. G) = dK(F)V dK(G)," consider the faces Fl , F2 of K corresponding 
respectively to the faces conv{O, e2, Yi' i = 0,1, ... } and conv{O, e3 , Zi' i = 
0,1, ... } of C. Applying duality for the convex set C, one can show that 
d K(FI n F2 ) = d K( <p(0,0,0, 1» is 3-dimensional, whereas d K(Fl ) V d K(F2 ) is 
only 2-dimensional. Alternatively, in view of Proposition 4.16 of [12], one may 
proceed by proving that the duality operator of cone«O,O,O, 1), K), or of 
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FIG. 1 
cone(O, C), does not have the corresponding property. Indeed, if we denote 
by d the duality operator of cone(O,C), then d(cp(e1 +e2 )Acp(e1 +e3»= 
d( cp(O» = R~, whereas d( cp(e1 + e2» V d( cp(e1 + e3 » = cp(e3 ) V cp(e2 ) * R~. 
Finally, we give an example to show that even the stronger assumption 
that F(K) is relatively complemented does not guarantee the property "for 
any F, G ~ K, dK(F A G) = dK(F)V dK(G)." The construction of our exam-
ple depends on the following observation: Since $'(K) is section comple-
mented and atomic, $'(K) is relatively complemented if and only if for each 
extreme ray cp(x) of K, [cp(x), K] = $'[cone(x, K)] is relatively comple-
mented. (Note that in the above observation if we replace the condition 
"relatively complemented" by "dual atomistic," the statement still holds. 
Thus, we could have used this fact to show that the face lattice of the cone K 
in Example 5.3 is dual atomistic. It is also interesting to compare our 
observations with the results of Tam [12, Theorems 4.5,4.7,4.16].) 
EXAMPLE 5.4. Let C be the convex hull of the subset {xn' x~, 
Yn' Y~, Zn' z~,O, n = 1,2, ... } of R3, where 
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FIG. 2 
(e i is the same as in Example 5.3), 
(See Figure 2.) 
Using the same argument as in Example 5.3, we can verify that 
{O, xn ' x~, Yn , Y~, Zn' z~, n = 1,2, ... } is a compact set and forms the set of 
extreme points of C. Hence C is a compact convex set, and K = {a(x, 1): 
x E C and a ~ O} is a proper cone in R4. Enumerating case by case, one can 
check that the face lattice $"(C) and hence $"(K) is relatively comple-
mented. Alternatively, one may proceed more leisurely as follows. Note that 
for each extreme point x of C, except x = 0, x is locally polyhedral (i.e. there 
exists a polyhedral neighborhood N" of x such that N" n C is a polytope); 
thus cone(x, C) is a polyhedral cone and hence $"[cone(x, C)] is relatively 
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complemented. For the extreme point 0, we have cone(O, C) = R~ - {exe j : ex 
> 0, i = 1,2,3}. It is easily checked that $"[cone(O,C)] is also relatively 
complemented. Therefore, according to the observation preceding this exam-
pIe, $"(K) is relatively complemented. 
Note, however, that the duality operator d K does not satisfy the property 
"for any F, G :s1 K, d K( FAG) = d K( F) V d K( G)," because the duality oper-
ator of cone(O, C) does not have the corresponding property. 
OPEN QUESTION. For a proper cone K, does the bijectivity of d K imply 
that $"(K) is relatively complemented? 
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